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Abstract 

We study the motion of charged Brownian particles in an external magnetic field. It 
is found that a correlation appears between the components of particle velocity in the 
case of anisotropic friction, approaching asymptotically zero in the stationary limit. 
If magnetic field is smaller compared to the critical value, determined by frictional 
anisotropy, the relaxation of the correlation is non-oscillating in time. However, in a 
larger magnetic field this relaxation becomes oscillating. The phenomenon is related 
to the statistical dependence of the components of transformed random force caused 
by the simultaneous influence of magnetic field and anisotropic dissipation. 
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1 Introduction 

The problem of Brownian motion in an external magnetic field was first in- 
vestigated in Refs. [T1[2 |3] in connection with the diffusive processes in plasma. 
About forty years later certain developments [4f5|6f7f8] appeared in this area 
again. In particular, anisotropic diffusion across an external magnetic field was 
considered in Refs. [6l|7|. 

In the present letter we demonstrate the appearance of the correlations in the 
velocity of charged Brownian particles caused by magnetic field. The effect 
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is possible only in environment characterized by anisotropic friction. In what 
follows we will use a scheme, where the deterministic parts of the stochastic 
equations of motion are transformed into independent equations. It simplifies 
substantially the derivation of Fokker-Planck equation in velocity space as well 
as makes more easy the understanding of the relevant physical background. 
The approach is different from the method of Ref. [8], where rotating time- 
dependent basis was used to transform the Langevin equation in an external 
magnetic field. 



2 Probability distribution in velocity space 



The equations of motion of a Brownian particle in an external magnetic field 
5 = (0, 0, B,) reads 



dt 
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= eBz/mc is the cyclotron frequency and [3x,y,z are the friction coefficients 
for a particle moving in the corresponding direction. Statistical properties of 
the random force are given by the conditions 
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where Oj = 2kBT[3i/m are the components of the intensity of the Langevin 
source. 

The system of equations ([T]) can be transformed into new equations of motion 

duiit) 



dt 



where 
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by introducing, in general, complex velocities 
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Here the matrix of the velocity transformation ([8]) can be chosen as 
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where 



Al,2 - Px 
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In Eq. Q one has to take bi if (3x > Py, and 62 if /3x < Thereby it is 
guaranteed that the limit cu^ — leads to the unity transformation, a^j = 
6ij. In the case of isotropic friction Px,y,z = P the matrix ([9]) reduces to the 
following unitary matrix 
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being independent of magnetic field strength and friction coefficient /3. The 
latter transform is in certain sense close to the approach used in Ref. [9] in the 
examination of the deterministic motion of a charged particle in a magnetic 
field. The choice of sign in Eq. ( fTTi l is arbitrary. 

On the basis of the Langevin equations (JH) one obtains the Fokker-Planck 
equation 



[12) 



with the initial condition W{u, 0|mo) = 5{u — uq). In Eq. (fT2|l 
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The solution of Eq. ([1211 in terms of the velocity v is 
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W{v,t\vo) 
where 
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and the averaged values of the components of velocity are given by 



K2KU - i^li^22 

2{KnK22 - KI2) ' 
K^K^2 - K2KU 
2{KnK22 - K,l) ' 



The following notations have been used in Eqs. ( ITSi l and ( fT6l) : 
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3 Correlation between the components of velocity 



Now we concentrate attention to the correlation between the components of 
the velocity of a particle, perpendicular to a magnetic field, Vx and Vy. The 
correlation function 



k{t) = {Vx{t)Vy{t)) - {Vx{t)){Vy{t)) 



(21) 



is determined by Eqs. (fT4l) and (fTSll . which yield k(t) = hi2. As a result we 
have on the basis of Eqs. (l5l). (l9l). (fTSl) and (fTTll 



fc(t) = ^^^.(/3x-/3,) 
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Consequently, the correlation function (|2T]1 is nonzero only if u;^ 7^ and jSx 7^ 
(3y, i.e. in the presence of external magnetic field and frictional anisotropy. The 
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Fig. 1. Dependence of the correlation function k{t) on time at kBT/m = 1 and 
Px = 10, (3y = 2 for various values of cyclotron frequency uJz < u^f = 4. Curve 1: 
(jJz = I, curve 2: uj^ = 2, curve 3: lJz = 3, curve 4: = w^*"- 
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Fig. 2. Dependence of the correlation function k{t) on time at kBT/m = 1 and 
Px = 10, f3y = 2 for various values of cyclotron frequency uOz > ij^T = 4. Curve 1: 
uJz = i^f, curve 2: cj^ = 16, curve 3: lUz = 32. 

correlation approaches asymptotically zero in the stationary limit {t oo). In 
this relaxation process one can distinguish two regimes. The time dependence 
of k(t) is non-oscillating (see Fig. 1) if jcu^l < uf. The oscillating behavior 
(see Fig. 2) appears if \u!z\ > ujf. Here 



= (23) 

is the critical value of the cyclotron frequency separating the regions where Q 
in Eq. (l22ll is imaginary or real quantity correspondingly. 



4 Discussion 



In conclusion, we have found in the short time-scale the correlation between 
the components of the velocity of a charged Brownian particle caused by ex- 
ternal magnetic field and frictional anisotropy. The effect arise^ due to the 
statistical dependence of the components of transformed random force Ci,2(^), 
determined by Eq. dT]). On the basis of Eqs. ((71) and (l3|) we have 

(Ci(t)C2 (i')) = E (^ika;,ak6{t - t') . (24) 

k 

Whereas in the general case of anisotropic friction and non-zero magnetic 
field the sum Yl,k(^ikCi2k^k is not equal to zero, it is impossible to transform 

^ Note also, that the necessary condition for the appearance of the effect is non-zero 
temperature (see Eq. ([22]) ). which unambiguously indicates to the entirely stochastic 
nature of the phenomenon. 
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the system JT]) into entirely independent equations. Although the deterministic 
part of the equations of motion ^ can be decoupled, the channel of correlation 
appears in Eqs. Q for the components of stochastic force in presence of an 
external magnetic field and anisotropic dissipation. As a result the components 
of the velocity of a Brownian particle, perpendicular to the magnetic field, turn 
out to be correlated. 

However, in the case of isotropic friction the expression 

(c.wc;(0) = ^^M(^-o (25) 

is valid for the arbitrary components of random force Ci{t) because the con- 
dition of unitary transformation, J^k'^ikO^^k — ^iji holds. In this situation the 
system of equations ([T]) can be entirely decoupled and the correlation between 
the components of velocity is absent. We obtain the same result for anisotropic 
friction if magnetic field equals to zero, due to aij = 6ij in this case. 
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